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Abtract. In this paper all seven-vertex type solutions of the
coloured Yang-Baxter equation dependent on spectral as well
as coloured parameters are given. It is proved that they are
composed of five groups of basic solutions, two groups of their
degenerate forms up to five solution transformations. More-
over, all solutions can be claasified into two types called Bax-
ter type and free-fermion type.
1 Introduction
The Yang-Baxter equation (YBE), first appeared in refs. [1-3] plays a prominent
role in many branches of physics. In the field theories, the YBE can completely
determine the S-matrix for the two-body scattering amplitudes in the multi-particle
scattering processes [4]. In two dimensional integrable models of quantum fields
theories and statistical models, the YBE provides an essential and consistency con-
dition in establishing the integrability and solving the models [5-7]. In conformal
field theory, the YBE is an important equation related to the KZB equation [8].
Motivated by the important role of the YBE, much attention has been directed to
the search for the solutions of YBE [9-13].
From the YBE’s birth, there have several alterations of it. In the beginning, for
simplifying the solving process, people first try to deal with the spectral indepen-
dent YBE (simple YBE) and classical YBE (without quantum parameter) and have
achieved great success. Later, some generalizations were given. The coloured YBE
(CYBE) which depends on spectral as well as coloured parameter is one of them.
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Since CYBE concerns the free-fermion model in a magnetic field, multi-variable in-
variants of link and representations of quantum algebras and so on [12-16] It has also
attracted a lot of research to find the solutions of CYBE [14-23]. The first solution
of CYBE with six-vertex can be found in ref. [14]. The eight-vertex solution of the
CYBE has been investigated previously in free fermion model in magnetic field by
Fan C. and Wu F. Y. [15], who first introduce a simple relation between the weight
functions in the model, so-called free-fermion condition. Based on the work and the
condition, V. V. Bazhanov and Yu. G. Stroganov obtained a eight-vertex solution
of the CYBE [19]. J. Murakami gave another eight-vertex solution in discussing
multi-variable invariants of links. The first and third authors in this paper gave all
six-vertex and eight-vertex types solutions of CYBE and classified them into two
kinds called Baxter and Free-Fermion types [22,23].
The main theme of this paper is to give and classify seven-vertex solutions of
CYBE by a computer algebraic method. Moreover, it is proved from a theorem in
ref. [24] that all seven-vertex type solutions of CYBE have indeed obtained in this
paper. In section 2 we will introduce the symmetries or solution transformation
for CYBE, then by the symmetries and a computer algebraic method to find the
most simple system of equations, including differential equation, the solution set of
which covers the one of CYBE. In section 3 and section 4 we will seperatly give all
solutions of the seven-vertex CYBE and classify them into two kinds called Baxter
and Free-Fermion types.
2 The symmetries and initial conditions of the coloured
Yang-Baxter equation
The coloured Yang-Baxter equation means the following matrix equation:
Rˇ12(u, ξ, η)Rˇ23(u+ v, ξ, λ)Rˇ12(v, η, λ) = Rˇ23(v, η, λ)Rˇ12(u+ v, ξ, λ)Rˇ23(u, ξ, η)
Rˇ12(u, ξ, η) = Rˇ(u, ξ, η) ⊗ E
Rˇ23(u, ξ, η) = E ⊗ Rˇ(u, ξ, η)
(2.1)
where Rˇ(u, ξ, η) is a matrix function of N2 dimension of u,ξ and η. E is the unit
matrix of order N and ⊗ means the tensor product of two matrices. u, v are spectral
parameters and ξ, η are colour parameters. If we let ξ = η = 0, we can get the usual
Yang-Baxter equation. Siminlarly, if we have u = v = 0, then (2.1) will be reduced
to the pure coloured Yang-Bater equation.
In this paper, the main interst for the equation (2.1) is to discuss the solutions
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of the senven-vertex-type as following:
Rˇ(u, ξ, η) =


R1111(u, ξ, η) 0 0 R
11
22(u, ξ, η)
0 R1212(u, ξ, η) R
12
21(u, ξ, η) 0
0 R2112(u, ξ, η) R
21
21(u, ξ, η) 0
0 0 0 R2222(u, ξ, η)

 (2.2)
The seven weight functions in (2.2) are denoted by
a1(u, ξ, η) = R
11
11(u, ξ, η) a5(u, ξ, η) = R
21
12(u, ξ, η)
a2(u, ξ, η) = R
12
12(u, ξ, η) a6(u, ξ, η) = R
12
21(u, ξ, η)
a3(u, ξ, η) = R
21
21(u, ξ, η) a7(u, ξ, η) = R
22
11(u, ξ, η)
a4(u, ξ, η) = R
22
22(u, ξ, η)
In this paper, we only consider ai(u, ξ, η)(i = 1, 2, . . . , 7) are meromorphic functions
of u, ξ, η and ai(u, ξ, η) 6≡ 0 which means the nondegenerate solutions. Throughout
this paper, we let
ui = ai(u, ξ, η) vi = ai(v, η, λ) wi = ai(u+ v, ξ, λ) i = 1, 2, . . . , 8
For the seven-vertex-type solutions, the matrix equation (2.1) is equivalent to the
following 19 equations:
u2w3v2 − u3w2v3 = 0 (2.3a)
u1w5v2 − u5w1v2 − u3w2v5 = 0
u2w6v1 − u2w1v6 − u6w2v3 = 0
u1w2v1 − u2w1v2 − u6w2v5 = 0

 (2.3b)
u4w6v2 − u6w4v2 − u3w2v6 = 0
u2w5v4 − u2w4v5 − u5w2v3 = 0
u4w2v4 − u2w4v2 − u5w2v6 = 0

 (2.3c)
u1w5v3 − u5w1v3 − u2w3v5 = 0
u3w6v1 − u3w1v6 − u6w3v2 = 0
u1w3v1 − u3w1v3 − u6w3v5 = 0
u1w1v7 + u7w2v4 − u5w5v7 − u2w7v1 = 0
u1w7v5 + u7w6v2 − u3w5v7 − u6w7v1 = 0
u1w7v3 + u7w6v6 − u7w1v1 − u4w3v7 = 0


(2.3d)
u4w6v3 − u6w4v3 − u2w3v6 = 0
u3w5v4 − u3w4v5 − u5w3v2 = 0
u4w3v4 − u3w4v3 − u5w3v6 = 0
u4w4v7 + u7w2v1 − u6w6v7 − u2w7v4 = 0
u4w7v6 + u7w5v2 − u3w6v7 − u5w7v4 = 0
u4w7v3 + u7w5v5 − u7w4v4 − u1w3v7 = 0


(2.3e)
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Assuming Rˇ(u, ξ, η) is the solution of equation (2.1). We can find there are five
symmetries in the system of equations (2.3):
(A) Symmetry of interchanging indices. The system of equations (2.3) is in-
variant if we interchang the two sub-indices 1 and 4 as well as the two sub-
indices 5 and 6.
(B) The scaling symmetry. Multiplication of the solution Rˇ(u, ξ, η) by an ar-
bitary function F(u, ξ, η) is still a solution of the equation (2.1).
(C) Symmetry of the weight functions. If the weight functions a2(u, ξ, η) , a3(u, ξ, η)
, a7(u, ξ, η) are replaced by the new weight functions:
a˜2(u, ξ, η) =
N(ξ)
N(η)a2(u, ξ, η) a˜3(u, ξ, η) =
N(η)
N(ξ)a3(u, ξ, η)
a˜7(u, ξ, η) =
1
sN(ξ)N(η)a7(u, ξ, η)
respectively, or a7(u, ξ, η), a5(u, ξ, η) and a6(u, ξ, η) are replaced by−a7(u, ξ, η),−a5(u, ξ, eta)
and −a6(u, ξ, η), where N(ξ) is an arbitary function of ξ and s is a complex
constant, the new matrix Rˇ(u, ξ, η) is still a solution of (2.1).
(D) Symmetry of spectral parameters. If we take the new spectral parameter
u˜ = µu where µ is a complex constant,the new matrix Rˇ(u˜, ξ, η) is still a
solution of (2.1).
(E) Symmerty of the coloured parameters. If we take the new coloured pa-
rameters ζ = f(ξ), θ = f(η), where f(ξ) is an arbitary function, then the new
matrix Rˇ(u, ζ, θ) is also a solution of the equation (2.1).
The five symmetries (A)-(E) are called solution transformations A-E of seven-
vertex-type solutions of coloured Yang-Baxter equation (2.1), respectively.
Dividing both sides of equaiton (2.3a) by u2w2v2, we get
f(u+ v, ξ, λ) = f(u, ξ, η)f(v, η, λ) (2.4)
where f(u, ξ, η) = u3
u2
. Taking u = v = η = 0 in (2.4) we get
f(0, ξ, λ) = f(0, ξ, 0)f(0, 0, λ)
Taking u = v = ξ = 0 in (2.4) we have
f(0, 0, λ) = f(0, 0, η)f(0, η, λ)
Then we have
f(0, 0, λ) = f(0, 0, η)f(0, η, 0)f(0, 0, λ)
This means
f(0, 0, η)f(0, η, 0) = 1
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Otherwise, it is easy to show that f(u, ξ, η) = 0, i.e.a3(u, ξ, η) = 0. Therefore, we
have
f(0, ξ, η) =
M(ξ)
M(η)
(2.5)
where M(ξ) = f(0, ξ, 0). On the other hand, if we differentiate both sides of (2.4)
with respect to the spectral variable v and then set v = 0, λ = η, then
f
′
(u, ξ, η) = f(u, ξ, η)f
′
(0, η, η)
holds, where the dot means derivative to u and the simple formula
dH(u+ v)
dv
∣∣∣∣
v=0
=
dH(u)
du
for any function H(u) is used. Similarly, if we differentiate (2.4) with respect to u
and then set u = 0 and η = ξ we have
f
′
(v, ξ, λ) = f(v, ξ, λ)f
′
(0, ξ, xi)
The two fomulae above imply f
′
(0, ξ, ξ) is a constant independent of coloured pa-
rameter ξ. Hence
f(u, ξ, η) =
M(ξ)
M(η)
exp(ku) (2.6)
where k is a complex constant.
So up to the solution transformation B and C, we can assume
a2(u, ξ, η) = 1 a3(u, ξ, η) = exp(ku)
without losing generality. Then the system equation (2.3) can be simplified to the
following 12 equations:
u1w5 − u5w1 − v5exp(ku) = 0
w6v1 − w1v6 − u6exp(kv) = 0
u1v1 − w1 − u6v5 = 0
u1w1v7 + u7v4 − u5w5v7 − w7v1 = 0
u1w7v5 + u7w6 − u6w7v1 − w5v7exp(ku) = 0
u7w6v6 − u7w1v1 + u1w7exp(kv)− u4v7exp(ku+ kv) = 0
(2.7)
plus six equation, which are called the counterparts of (2.7), obtained by interchang-
ing the sub-indices 1 and 4 as well as 5 and 6 in each of the equation in (2.7).
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Now we solve the equations obtained by setting u=0 and η = ξ in (2.7). It is
easy to get:
a1(0, ξ, ξ) = a4(0, ξ, ξ) = 1
a5(0, ξ, ξ) = a6(0, ξ, ξ) = a7(0, ξ, ξ) = 0
(2.8)
which are called the initial conditions of (2.1) in this paper. Substituting (2.8) into
2.7 after letting v = −u, λ = ξ we obtain
a5(u, ξ, η) = −a5(−u, η, ξ)exp(ku)
a6(u, ξ, η) = −a6(−u, η, ξ)exp(ku)
a4(u, ξ, η)a4(−u, η, ξ) = a1(u, ξ, η)a1(−u, η, ξ)
a7(u, ξ, η)a1(−u, η, ξ) = −a7(−u, η, ξ)a4(u, ξ, η)
(2.9)
Differentiating both sides of all equations in (2.7) and their counterparts with
respect to the variable v and letting v = 0, λ = η, by the virtue of initial conditions
(2.8) we can get:
u1u
′
5 − u5u
′
1 −m5(η)exp(ku) = 0
u
′
6 + u6m1(η) − u1m6(η) − ku6 = 0
u1m1(η)− u′1 − u6m5(η) = 0
u1u7m5(η) + u7u
′
6 − u5m7(η)exp(ku) − u6u7m1(η)− u6u
′
7 = 0
ku1u7 + u1u
′
7 + u6u7m6(η)− u1u7m1(η)− u7u
′
1 − u4m7(η)exp(ku) = 0
(u21 − u25)m7(η) + (m4(η)−m1(η))u7 − u
′
7 = 0
(2.10a)
and their counterparts, where and throughout this paper unless obvious comment
we denote
a
′
i(u, ξ, η) =
∂ai(u,ξ,η)
∂u
mi(ξ) = a
′
i(u, ξ, η)
∣∣∣
(u=0,η=ξ)
i = 1, 2, . . . , 7
We call mi(ξ) Hamiltonian coefficients of weight functions with respect to the spec-
tral parameter or simply cofficients. Sometimes we write mi instead of mi(ξ) for
brevity.
If we differentiate (2.7) with respect to u and let u = 0, η = ξ and then replace
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the variables v and λ by u and η, we can get:
u5m1(ξ) + u
′
5 − u1m5(ξ)− ku5 = 0
u1u
′
6 − u
′
1u6 −m6(ξ)exp(ku) = 0
u1m1(ξ)− u′1 − u5m6(ξ) = 0
u1u7m1(ξ)− u1u′7 + u
′
1u7 + u4m7(ξ)− u5u7m5(ξ) = 0
u5u7m1(ξ) + u5u
′
7 − u
′
5u7 + u6m8(ξ)− ku5u7 − u1u7m6(ξ) = 0
(m1(ξ)−m4(ξ))u7exp(ku) + (u26 − u21)m7(ξ) + u
′
7exp(ku)− ku7exp(ku) = 0
(2.10b)
and their counterparts.
If we differentiate (2.7) with respect to λ and then let v = 0, λ = η, we can get:
u1u
′
5 − u5u
′
1 − mˇ5(η)exp(ku) = 0
u
′
6 + u6mˇ1(η)− u1mˇ6(η) = 0
u1mˇ1(η) − u′1 − u6mˇ5(η) = 0
u1u7mˇ5(η) + u7u
′
6 − u5mˇ7(η)exp(ku) − u6u7mˇ1(η)− u6u
′
7 = 0
u1u
′
7 + u6u7mˇ6(η)− u1u7mˇ1(η)− u7u
′
1 − u4mˇ7(η)exp(ku) = 0
(u21 − u25)mˇ7(η) + (mˇ4(η) − mˇ1(η))u7 − u
′
7 = 0
(2.10c)
and their counterparts. Here we denote:
u
′
i =
∂ai(u,ξ,η)
∂η
mˇi(η) =
∂ai(v,η,λ)
∂λ
∣∣∣
(v=0,λ=η)
Similarily, if we differentiate (2.7) with respect to ξ and let u = 0, η = ξ and
then replace v, λ by u, η we have:
u5mˆ1(ξ) + u
′
5 − u1mˆ5(ξ) = 0
u1u
′
6 − u
′
1u6 − mˆ6(ξ)exp(ku) = 0
u1mˆ1(ξ)− u′1 − u5mˆ6(ξ) = 0
u1u7mˆ1(ξ)− u1u′7 + u
′
1u7 + u4mˆ7(ξ)− u5u7mˆ5(ξ) = 0
u5u7mˆ1(ξ) + u5u
′
7 − u
′
5u7 + u6mˆ8(ξ)− u1u7mˆ6(ξ) = 0
(mˆ1(ξ)− mˆ4(ξ))u7exp(ku) + (u26 − u21)mˆ7(ξ) + u
′
7exp(ku) = 0
(2.10d)
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and their counterparts. Here we denote:
u
′
i =
∂ai(u,ξ,η)
∂ξ
mˆi(ξ) =
∂ai(u,ξ,η)
∂ξ
∣∣∣
(u=0,η=ξ)
From the last equation of (2.10a) and its counterpart we have:
2u7
′ = m7(η)(u
2
1 + u
2
4 − u25 − u26) (2.11a)
We also get from the last equation of (2.10b) and its counterpart the following
equation:
2u
′
7 = m7(ξ)(u
2
1 + u
2
4 − u25 − u26)exp(−ku) + 2ku7 (2.11b)
Now there are two cases, k = 0 and k 6= 0. We will discuss them seperately in
the later sections.
3 The solutions of equation (2.1) in the case of k 6= 0
Now, we first consider the case of k 6= 0. From equations (2.11), we can obtain
u
′
7 6= 0 m7(ξ) 6= 0 m7(η) 6= 0 (3.1)
and we also have:
u
′
7 − ku7
u
′
7
exp(ku) =
m7(ξ)
m7(η)
by solving the above equation we can get:
a7(u, ξ, η) = F7(ξ, η)(exp(ku) − F7(ξ, ξ)
F7(η, η)
m7(η) = kF7(η, η) (3.2)
The following work is to eliminate the five weight functions{w1, w4, w5, w6, w7}
in the equation (2.7) and their counterparts. Then we get seven polynomial equa-
tions without weight functions wi(i = 1, 4, . . . , 7). If we differentiate the obtained
seven equations with respect to the spectral parameter v, and let v = 0, λ = η
and substitute the initial conditons (2.8) into them, we obtain the following seven
polynomial equatons:
m6(η)exp(ku) + (m1(η) +m4(η))u4u6 −m6(η)(u1u4 + u5u6)− ku4u6 = 0
m5(η)exp(ku) + (m4(η) +m1(η))u1u5 −m5(η)(u1u4 + u5u6)− ku1u5 = 0
m7(η)(u
2
1 − u24 − u25 + u26) + 2u7(m4(η) −m1(η)) = 0
m7(η)(u
2
1u6 − u25u6 + u5exp(ku))− (m5(η) +m6(η))u1u7 − (k −m1(η)−m4(η))u6u7 = 0
m7(η)(u1u
3
5 − u31u5 − u1u6exp(ku)) +m5(η)u7exp(ku) + 2(m1(η)−m4(η)u5u7 +m6(η)u1u4u7 −m5(η)u5u6u7 = 0
m7(η)(u
3
1 − u1u25 − u4exp(ku)) + u1u7(k +m4(η)− 3m1(η)) + (m5(η) +m6(η))u6u7 = 0
m7(η)u4(u
2
1 − u25) + u4u7(k −m1(η)−m4(η)) + (m5(η) +m6(η))u5u7 = 0[4mm]
(3.3)
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As the second step, we eliminate m1,m4 and m5 to get two systems of equations,
which are equivalent to (3.3). The first is
m5exp(ku) + (m1 +m4)u1u5 −m5(u1u4 + u5u6)− ku1u5 = 0
m7u1u5(u
2
4 − u21 + u25 − u26) + 2m5u7(u1u4 + u5u6 − exp(ku)) + (2k − 4m4)u1u5u7 = 0
m7u1(u
2
4u5 − u25u6 + u6exp(ku)) − u7(m5exp(ku) +m6u1u4 −m5u5u6) = 0
(3.4)
which contains m1,m4 and m5. The second is
(u1u4 + u5u6 − exp(ku))(−m7u4u6(u24u5 − u5u26 + u6exp(ku)) +m6u7(u24u6 − u25u6 + u5exp(ku))) = 0
(u1u4 + u5u6 − exp(ku))(m7u1u5(u26 − u24) +m7exp(ku)(u4u5 − u1u6) +m6u7(u1u4 − u5u6)) = 0
(u1u4 + u5u6 − exp(ku))(m7u5u6(u4u6 − u1u5) +m7u4u5(u25 − u24) +m7exp(ku)(u1u5 − u4u6) +m6u7(u24 − u25)) = 0
(u1u4 + u5u6 − exp(ku))(m7u4u5(u1u5 − u4u6) +m7(u5u6 − exp(ku))(u26 − u25) +m6u7(u4u6 − u1u5)) = 0
(3.5)
which do not contain m1,m4 and m5. So
u1u4 + u5u6 = exp(ku) (3.6)
or
−m7u4u6(u24u5 − u5u26 + u6exp(ku)) +m6u7(u24u6 − u25u6 + u5exp(ku)) = 0
m7u1u5(u
2
6 − u24) +m7exp(ku)(u4u5 − u1u6) +m6u7(u1u4 − u5u6) = 0
m7u4u5(u1u5 − u4u6) +m7(u5u6 − exp(ku))(u26 − u25) +m6u7(u4u6 − u1u5) = 0
m7u5u6(u4u6 − u1u5) +m7u4u5(u25 − u24) +m7exp(ku)(u1u5 − u4u6) +m6u7(u24 − u25) = 0
(3.7)
will hold. In the third step, applying the fourth equation in (3.7) as a main equation
to kill m6 in the three other equations in (3.7) and then performing factorization of
the new polynomial equations after killing m6, we can obtain
m7u5u6(u4u6 − u1u5) +m7u4u5(u25 − u24) +m7exp(ku)(u1u5 − u4u6) +m6u7(u24 − u25) = 0
m7(u5u6 − exp(ku))(u21u5 − 2u1u4u6 + u24u5 − u35 + u5u26)u5 = 0
m7(u5u6 − exp(ku))(−u1u24u6 + u1u25u6 + u34u5 − u4u35 − u1u5exp(ku) + u4u6exp(ku))u5 = 0
m7(u5u6 − exp(ku))(−u21u4 + 2u1u5u6 + u34 − u4u25 − u4u26)u5 = 0
(3.8)
which are equivalent to (3.7). We have known that m7(η) 6= 0 from (3.1) and
u5u6−exp(ku) 6= 0 from the initial conditions (2.8). Therefore, the following system
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of equations is equivalent to (3.8)
(m7u5u6(u4u6 − u1u5) +m7u4u5(u25 − u24) +m7exp(ku)(u1u5 − u4u6) +m6u7(u24 − u25) = 0
u21u5 − 2u1u4u6 + u24u5 − u35 + u5u26 = 0
−u1u24u6 + u1u25u6 + u34u5 − u4u35 − u1u5exp(ku) + u4u6exp(ku) = 0
−u21u4 + 2u1u5u6 + u34 − u4u25 − u4u26 = 0
(3.9)
Remark 1. When we perform the operation of eliminating indeterminates in a system of
equations,according to the theorem of zero structure of algebraic varieties [16], the coefficient
of the term with the highest degree of the indeterminate in the main polynomial equation(to
be eliminated in the other polynomials)should not be identified with zero. In the event it is
identified with zero, we should add the coefficient into the equations to produce a new system
of equations.Otherwise, it is possible to lose some solutions. In our cases,we can discover
that the coefficients of the terms which are eliminated are not identified with zero thanks to
the initial conditions and the nondegenerate conditions we have set.
From the argument above, we have known the system of equation (3.3) is equiv-
alent to two groups of equations. The first is (3.4) and (3.9) called Baxter case. The
second is (3.4) and (3.6) called free-fermion case. We will discuss them respectly.
3-1.Baxter-type solutions
We consider the first case in k 6= 0 case now i.e. (3.4) and (3.9). If we differentiate
the second and the fourth equations in (3.9) and take u = 0, ξ = η and substitute
the initial conditions into the results, we can prove
m5(η) = m6(η) m1(η) = m4(η) (3− 1.1)
By eliminating u4 we can factorize the last equation in (3.9) to be
u25(u6 − u5)(u6 + u5)(u6 − u1)(u6 + u1)exp(ku) = 0 (3− 1.2)
So
a5(u, ξ, η) = a6(u, ξ, η) (3− 1.3a)
or
u5(u, ξ, η) = −u6(u, ξ, η) (3− 1.3b)
will hold because of the initial conditions (2.8).
If u5 = −u6, together with the second equation of (3.9) we have u1 = −u4
which is impossible for the initial conditions (2.8). Then, we have only u5 = u6.
Substituting (3-1.3a) into the second equation of (3.9) we can obtain
a1(u, ξ, η) = a4(u, ξ, η) (3− 1.4)
Combining (3-1.3a),(3-1.4) and the first equation of (3.9), we can get
(m7(η)u1u5 −m5(η)u7)(u25 − u21) = 0 (3− 1.5)
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Then the following equation is correct for the initial conditions(2.8)
m7(η)u1u5 = m5(η)u7 (3− 1.6)
So, we have
m5(η) 6= 0 (3− 1.7)
because of (3.1). From (2.11a), (3-1.3a) and (3-1.4) we get
∂a7(u, ξ, η)
∂u
= m7(η)(a
2
1(u, ξ, η) − a25(u, ξ, η))
Substituting (3.2) into it
F7(ξ, η)exp(ku) = F7(η, η)(u
2
1 − u25) (3− 1.8)
then differentiating the result above with respect to u and letting u = 0, ξ = η it is
easy to obtain
m1(η) =
k
2
(3− 1.9)
From (3.4), (3-1.1), (3-1.3a), (3-1.4) and (3-1.9) we also have
m5(η)(u
2
5 + u
2
1 − exp(ku)) = 0
So there must be
u25 + u
2
1 = exp(ku) (3− 1.10)
by (3-1.7). But combining (3-1.8) and (3-1.10) by letting ξ = η we have
a21(u, η, η) − a25(u, η, η) = a21(u, η, η) + a25(u, η, η) = exp(ku)
It is to show that
a5(u, η, η) = 0 i.e. m5(η) = 0
which has discrepancy with (3-1.7). So, there is no solution in this case.
3-2. Free-fermion-type solutions
We consider the second case now i.e. (3.4) and (3.6). If we differentiating (3.6)
with respect to u and then let u = 0, η = ξ we can get
m1(η) +m4(η) = k (3− 2.1)
Substituting (3.6) into (3.4) we obtain
m7(η)(u
2
1 + u
2
6 − u24 − u25) = 2(m1(η)−m4(η))u7 (3− 2.2a)
m7(η)(u1u6 + u4u5) = (m6(η) +m5(η))u7 (3− 2.2b)
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If we differentiate the system of equations with respect to u after eliminating wi(i =
1, 4, . . . , 7) from (2.7) and then set u = 0, η = ξ and replace v as well as λ by u as
well as η we can get
m6(ξ)(u1u4 + u5u6 − exp(ku)) + (k −m1(ξ)−m4(ξ))u1u6 = 0
m5(ξ)(u1u4 + u5u6 − exp(ku)) + (k −m1(ξ)−m4(ξ))u4u6 = 0
m7(ξ)(u
2
1 − u24)− (m5(ξ) +m6(ξ))(u1u6 − u4u5)u7 + 2(m4(ξ)−m1(ξ))u1u4u7 = 0
m7(ξ)(u1u6 + u4u5)− (m5(ξ) +m6(ξ))(u21 + u25)u7 − 2(m4(ξ)−m1(ξ))u1u5u7 = 0
m7(ξ)(u1u5 + u4u6)− (m5(ξ) +m6(ξ))u7exp(ku) = 0
m7(ξ)u1(u
2
6 − u21)− (m5(ξ) +m6(ξ))u5u7exp(ku) − 2(m4(ξ)−m1(ξ))u1u7exp(ku) +m7(ξ)u4exp(ku) = 0
m7(ξ)u1(u
2
5 − u24)− (m5(ξ) +m6(ξ))u5u7exp(ku) +m7(ξ)u4exp(ku) = 0
(3− 2.3)
From the equations above, we can obtain
m7(ξ)(u
2
1 + u
2
5 − u24 − u26) = 2(m1(ξ)−m4(ξ))u7exp(ku) (3− 2.4a)
m7(ξ)(u1u5 + u4u6) = (m5(ξ) +m6(ξ))u7exp(ku) (3− 2.4b)
If we set η = ξ in (3-2.2) and (3-2.4), we can see from these two systems of
equations that the following equation is sound
(uˆ1uˆ5 + uˆ4uˆ6)(uˆ
2
1 + uˆ
2
6 − uˆ24 − uˆ25) = (uˆ1uˆ6 + uˆ4uˆ5)(uˆ21 + uˆ25 − uˆ24 − uˆ26)
We can write it in the form of factorization
(uˆ5 − uˆ6)(uˆ1 + uˆ4)(uˆ1 − uˆ4 + uˆ5 + uˆ6)(−uˆ1 + uˆ4 + uˆ5 + uˆ6) = 0
Here we have used the denotation
uˆi = ai(u, ξ, ξ)
Then thanks to the initial conditions (2.8) and the solution transformation A, we
get
a5(u, ξ, ξ) = a6(u, ξ, ξ) (3− 2.5a)
or
a1(u, ξ, ξ) = a4(u, ξ, ξ) + a5(u, ξ, ξ) + a6(u, ξ, ξ) (3− 2.5b)
without losing generality. We will discuss them seperately.
(A). a1(u, ξ, ξ) = a4(u, ξ, ξ) + a5(u, ξ, ξ) + a6(u, ξ, ξ) case
Equation (3-2.5b) means
m1 −m4 = m5 +m6
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Substituting it into (3-2.2) and (3-2.3) we have
(u1 − u5)2 = (u4 + u6)2
(u1 − u6)2 = (u4 + u5)2
Combining the initial conditions (2.8), it is to say
u1 = u4 + u5 + u6 (3− 2− 1.1)
With the free-fermion condition (3.6), we can affirm
mˇ1(η) + mˇ4(η) = 0 mˆ1(ξ) + mˆ4(ξ) = 0
mˇ1(η) = mˇ4(η) + mˇ5(η) + mˇ6(η) mˆ1(ξ) = mˆ4(ξ) + mˆ5(ξ) + mˆ6(ξ)
(3− 2− 1.2)
Substituting them into the fifth equation of (2.10c) as well as its counterpart and
the fourth equation of (2.10d) as well as its counterpart, we will get
∂u7
∂η
= mˇ7(η) exp(ku)
∂u7
∂ξ
= mˆ7(ξ)
(3− 2− 1.3)
Then, from the solution form of u7 (3.2) we obtain
a7(u, ξ, η) = exp(H(η))(exp(ku)− exp(H(ξ)−H(η)) (3− 2− 1.4)
The following work is to substituting (3-2-1.1) into the sixth equation of (2.10a) as
well as its counterpart and (3-2.2b)
(u21 − u25)m7(η)− (2m1(η) − k)u7 − u
′
7 = 0 (3− 2− 1.5a)
(u24 − u26)m7(η) + (2m1(η)− k)u7 − u
′
7 = 0 (3− 2− 1.5b)
u1u4 + u5u6 = exp(ku) (3− 2− 1.5c)
(u1u6 + u4u5)m7(η) = (2m1(η)− k)u7 (3− 2− 1.5d)
Substituting (3-2-1.4) into the sixth equation of (2.10b) as well as its counterpart
and (3-2.4b) there will be
(u21 − u26)m7(ξ)− (2m1(ξ)− k)u7 exp(ku)− u
′
7 exp(ku) = 0 (3− 2− 1.6a)
(u24 − u25)m7(ξ) + 2m1(ξ)u7 exp(ku)− u
′
7 exp(ku) = 0 (3− 2− 1.6b)
u1u4 + u5u6 = exp(ku) (3− 2− 1.6c)
(u1u5 + u4u6)m7(ξ) = (2m1(ξ)− k)u7 exp(ku) (3− 2− 1.6d)
First, we assum
k 6= 2m1(ξ)
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Then by these two systems of equations, we easily obtain
u4
u1
=
2k(m1(ξ) +m1(η)) exp(H(ξ)) − 2k2 exp(H(ξ))− 2u7(k − 2m1(ξ))(k − 2m1(η))
2k(m1(ξ) +m1(η)) exp(H(ξ)) − 2k2 exp(H(ξ))− 2u7m1(η)(k − 2m1(ξ))
(3− 2− 1.7a)
u5
u6
=
2k(m1(ξ)−m1(η)) exp(H(ξ)) − 2m1(η)u7(k − 2m1(ξ))
2k(m1(η)−m1(ξ)) exp(H(ξ)) + 2u7(k −m1(η))(k − 2m1(ξ)) (3− 2− 1.7b)
We denote here
H1 = 2k(m1(ξ) +m1(η)) exp(H(ξ))− 2k2 exp(H(ξ)) − 2u7m1(η)(k − 2m1(ξ))
H4 = 2k(m1(ξ) +m1(η)) exp(H(ξ))− 2k2 exp(H(ξ)) − 2u7(k − 2m1(ξ))(k − 2m1(η))
H5 = 2k(m1(ξ)−m1(η)) exp(H(ξ))− 2m1(η)u7(k − 2m1(ξ))
H6 = 2k(m1(η)−m1(ξ)) exp(H(ξ)) + 2u7(k −m1(η))(k − 2m1(ξ))
Then we can assum
u1 = H1X u4 = H4X
u5 = H5Y u6 = H6Y
(3− 2− 1.8)
Furthermore, from (3-2-1.5), we can see
X2(H21 −H24 ) = u21 − u24 =
u
′
7 + (2m1(η) − k)u7
m7(η)
− u
′
7 − 2m1(ξ)u7
m7(ξ)
exp(ku)
Y 2(H26 −H25 ) = u26 − u25 =
u
′
7 − (k − 2m1(η)u7
m7(η)
− u
′
7 − 2(k −m1(ξ))u7
m7(ξ)
exp(ku)
(3− 2− 1.9)
where m1(ξ),H(ξ) are arbitary functions of coloured parameter, k is a non-zero
complex constant and m7(ξ) = k exp(H(ξ)) defined by (3-2-1.4). Now, we can
calcuate out X and Y from the equations above, which means we can get u1, u4, u5
and u6 by (3-2-1.8).
If we setting η = ξ in this solution, we immediately get a corresponding solution
for the seven-vertex pure spectral YBE
a1(u) = α(exp(ku)− 1) + 1
a4(u) = 1− (α− 1)(exp(ku) − 1)
a5(u) = α(exp(ku)− 1)
a6(u) = (α− 1)(exp(ku)− 1)
a7(u) = β(exp(ku)− 1)
(3− 2− 1.10)
which has no correspondence in [25] and where α, β and k are complex constants.
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Now, let’s consider
k = 2m1(ξ)
case where we can see m1(ξ) is a complex constant.In this case, from (3-2.2) and
(3-2.4) we can get
u21 + u
2
6 − u24 − u25 = 0
u1u6 + u4u5 = 0
u21 + u
2
5 − u24 − u26 = 0
u1u5 + u4u6 = 0
which is eqivalent to the following equations
u6 = −u5 u1 = u4 (3− 2− 1.11)
for the initial condition (2.8).
Substituting the equation above into (2.10a) and (2.10b) we can get
∂
∂u
a1(u, ξ, η) =
k
2a1(u, ξ, η) +m5(η)u5
∂
∂u
a5(u, ξ, η) =
k
2a5(u, ξ, η) +m5(η)u1
(3− 2− 1.12a)
∂
∂u
a1(u, ξ, η) =
k
2a1(u, ξ, η) +m5(ξ)u5
∂
∂u
a5(u, ξ, η) =
k
2a5(u, ξ, η) +m5(ξ)u1
(3− 2− 1.12b)
Then, we can see from them that m5(ξ) = β is a complex constant. So, we can
rewrite (3-2-1.12) as
∂
∂u
a1(u, ξ, η) =
k
2a1(u, ξ, η) + βu5
∂
∂u
a5(u, ξ, η) =
k
2a5(u, ξ, η) + βu1
(3− 2− 1.13)
On the other hand, from (3.6) and (3-2-1.11) we can obtain
mˇ1(η) = mˇ4(η) = 0 (3− 2− 1.14)
Then substituting (3-2-1.11) and (3-2-1.14) into (2.10c) we have
∂
∂η
a1(u, ξ, η) = mˇ5(η)a5(u, ξ, η)
∂
∂η
a5(u, ξ, η) = mˇ5(η)a1(u, ξ, η)
(3− 2− 1.15)
It is easy to get the solution from (3-2-1.13) and (3-2-1.15) by using the initial
condition (2.8)
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a1(u, ξ, η) = a4(u, ξ, η) = exp(ku/2) cosh(βu+ F (ξ)− F (η))
a2(u, ξ, η) = 1
a3(u, ξ, η) = exp(ku)
a5(u, ξ, η) = −a6(u, ξ, η) = exp(ku/2) sinh(βu+ F (ξ)− F (η))exp
a7(u, ξ, η) = F7(η)exp(ku) − F7(ξ)
(3− 2− 1.16)
where k is nonzero complex constant, β is a arbitary complex constant and F (ξ), F7(ξ)
are two arbitary function of coloured parameter.
Taking the coloured parameters ξ = η in this solution will degenerate into one
of the solutions of pure spectral YBE which is the same as the third case given by
[25].
(B). a5(u, ξ, ξ) = a6(u, ξ, ξ) case
Equation (3-2.5a) means
m5(ξ) = m6(ξ) (3− 2− 2.1)
Setting η = ξ substituting (3-2.5a) and (3-2-2.1) into (3-2.2b) and (3-2.4b) we have
(m5(ξ) +m6(ξ))uˆ7 = (m5(ξ) +m6(ξ))uˆ7exp(ku)
Then we obtain
m5(ξ) = m6(ξ) = 0 (3− 2− 2.2)
So, from (3-2.2b) and (3-2.4b) it is easy to show
m7(η)(u1u6 + u4u5) = m7(ξ)(u1u5 + u4u6) = 0
i.e.
(u1 − u4)(u5 − u6) = 0 and u1u6 + u4u5 = 0
If we take u5 = u6 there must be u1 + u4 = 0 which disagrees with the initial
conditions (2.8) in the above equations. Therefore, we can only choose
u1 = u4 u5 = −u6 (3− 2− 2.3)
which has been discussed by us. So, there is no new solution.
4 The solutions of equation (2.1) in the case of k = 0
Now equation (2.11) changs to:
2u
′
7 = m7(η)(u
2
1 + u
2
4 − u25 − u26) = m7(ξ)(u21 + u24 − u25 − u26) (4.1)
It is obviously that
m7(ξ) = m7(η) = α (4.2)
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thanks to the initial conditions (2.8). Here α is a complex constant independent of
coloured parameters.
proposition 4.1 In the case of k = 0, there is at least one betweenm5(ξ)(or m6(ξ))
and m7(ξ) which is not zero identically. Otherwise, the solution will be independent
of spectral parameter.
Proof. If m7(ξ) = 0 we have u
′
7 = 0 because of (4.1). Now substituting them
into the fourth and fifth equation of (2.10a)(k = 0), we have
u
′
1 = u6m6(η) − u1m1(η)
u
′
6 = u6m1(η) − u1m5(η)
(4.3)
which means
m1(η) = 0 m5(η) +m6(η) = 0 (4.4)
by differentiating both sides of (4.3) and letting u = 0, η = ξ Substituting the results
into the first three equations of (2.10a) we obtain
u
′
1 = −m5(η)u6 u
′
4 = m5(η)u5
u
′
5 = −m5(η)u4 u
′
6 = −m5(η)u1
So
u
′′
i = m
2
5(η)ui (i = 1, 4, 5, 6)
will holds. If we start from (2.10b) to do the same procedure as the above, we can
get
u
′′
i = m
2
5(ξ)ui (i = 1, 4, 5, 6)
Then we can know
m5(η) = m5(ξ) = β
where β is a complex constant independent of coloured parameter. Now we come to
the conclusion of proposition 4.1.
Remark 2. From (2.10) we can observe that if k = 0:
• (2.10a) is the same as (2.10c) except replace mi(η) by mˇi(η).
• (2.10b) is the same as (2.10d) except replace mi(η) by mˆi(η).
• (2.10a) is the same as (2.10b) if we interchang sub-indices 5 and 6 and replace
mi(η) by mi(ξ).
• (2.10c) is the same as (2.10d) if we interchang sub-indices 5 and 6 and replace
mˇi(η) by mˆi(ξ).
In fact, those tricks are always sound in the following of this paper and we will
ofen employ them. We call the kind of transformation from (2.10a) to (2.10b) as
symmetric operation.
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As the same as k 6= 0 case, we have:
m5 + (m1 +m4)u1u5 −m5(u1u4 + u5u6) = 0
m7u1u5(u
2
4 − u21 + u25 − u26) + 2m5u7(u1u4 + u5u6 − 1))− 4m4u1u5u7 = 0
m7u1(u
2
4u5 − u25u6 + u6 − u7(m5 +m6u1u4 −m5u5u6) = 0
(4.5)
which contains m1,m4 and m5. And
u1u4 + u5u6 = 1 (4.6)
which is the free-fermion condition [12] or
m7u5u6(u4u6 − u1u5) +m7u4u5(u25 − u24) +m7(u1u5 − u4u6) +m6u7(u24 − u25) = 0
u21u5 − 2u1u4u6 + u24u5 − u35 + u5u26 = 0
−u1u24u6 + u1u25u6 + u34u5 − u4u35 − u1u5 + u4u6 = 0
−u21u4 + 2u1u5u6 + u34 − u4u25 − u4u26 = 0
(4.7)
Here we have used proposition 4.1.
Now there are also two cases: the first is (4.5) as well as (4.7), Baxter case and
the second is (4.5) as well as (4.6), the free-fermion case.
4-1. Baxter-type solutions
From (4.7), it is easy to obtain
m5(η) = m6(η) m1(η) = m4(η) m7 = α 6= 0 (4− 1.1)
From (4.7), by eliminating u4, we also have
u25(u6 − u5)(u6 + u5)(u6 − u1)(u6 + u1) = 0 (4− 1.2)
So
a5(u, ξ, η) = a6(u, ξ, η) (4− 1.3a)
or
u5(u, ξ, η) = −u6(u, ξ, η) (4− 1.3b)
will hold because of the initial conditions (2.8).
If u5 = −u6, together with the second equation of (4.7) we have u1 = −u4
which is impossible for the initial conditions (2.8). Then, we have only u5 = u6.
Substituting (4-1.3a) into the second equation of (4.7) we can obtain
a1(u, ξ, η) = a4(u, ξ, η) (4− 1.4)
Combining (4-1.3a), (4-1.4) and the first equation of (4.7), we can get
(m7(η)u1u5 −m5(η)u7)(u25 − u21) = 0 (4− 1.5)
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Then the following equation is correct for the initial conditions (2.8) and (4.2)
αu1u5 = m5(η)u7 (4− 1.6)
Using the symmetric operation, we also get
αu1u6 = αu1u5 = m6(ξ)u7 = m5(ξ)u7
So, there has
m5(ξ) = β (4− 1.7)
where β is coplex constant independent of coloured parameter. There also is
u7 =
α
β
u1u5 (4− 1.8)
Substituting (4-1.3a) and (4-1.4) into (2.10a) and (4.5), we can obtain the fol-
lowing conclusion through some calculation:
(u
′
5)
2 = β2 − (β2 −m1(η)2)u25
(u
′
1)
2 = β2 − (β2 −m1(η)2)u21
β2(1− u25 − u21) + 2βm1(η)u1u5 = 0
(4− 1.9)
If we use the symmetric operation, we also get
(u
′
5)
2 = β2 − (β2 −m1(ξ)2)u25
(u
′
1)
2 = β2 − (β2 −m1(ξ)2)u21
β2(1− u25 − u21) + 2βm1(ξ)u1u5 = 0
(4− 1.10)
So we can affirm
m1(ξ) = γ (4− 1.11)
Then, (4-1.9) can be rewritten
(u
′
5)
2 = β2 − (β2 − γ2)u25
(u
′
1)
2 = β2 − (β2 − γ2)u21
β2(1− u25 − u21) + 2βγu1u5 = 0
(4− 1.12)
Substituting (4-1.3a) and (4-1.4) into (2.10c) and (4.5), we can obtain the following
conclusion through some calculation:
(∂uˇ5
∂η
)2 = mˇ5(η)
2 − (mˇ5(η)2 − mˇ1(η)2)uˇ25
(∂uˇ1
∂η
)2 = mˇ5(η)
2 − (mˇ5(η)2 − mˇ1(η)2)uˇ21
(4− 1.13)
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and from the last equation of (4-1.9) we also have
(mˇ5(η))
2 − (mˇ1(η))2
(mˇ5(η))2
= 1− (u
2
5 + u
2
1 − 1)2
4u21u
2
5
=
β2 − γ2
β2
(4− 1.14)
So, (4-1.13) can be rewritten
(∂uˇ5
∂η
)2 = mˇ5(η)
2(1− β2−γ2
β2
uˇ25)
(∂uˇ1
∂η
)2 = mˇ5(η)
2(1− β2−γ2
β2
uˇ21)
(4− 1.15)
Combining (4-1.9), (4-1.15), (4-1.8) and the initial conditions (2.8), we can immedi-
ately write down the solutions of (2.1) in this case
subcase of β2 = γ2(we can let β = γ according to the solution transformation
C).
a1(u, ξ, η) = a4(u, ξ, η) = βu+ F (ξ)− F (η) + 1
a2(u, ξ, η) = a3(u, ξ, η) = 1
a5(u, ξ, η) = a6(u, ξ, η) = βu+ F (ξ)− F (η)
a7(u, ξ, η) =
α
β
(βu+ F (ξ)− F (η) + 1)(βu + F (ξ)− F (η))
(4− 1.16a)
subcase of β2 6= γ2.
a1(u, ξ, η) = a4(u, ξ, η) =
cos(
√
β2−γ2u+F (ξ)−F (η)−θ)
cosθ
a2(u, ξ, η) = a3(u, ξ, η) = 1
a5(u, ξ, η) = a6(u, ξ, η) =
sin(
√
β2−γ2u+F (ξ)−F (η))
cosθ
a7(u, ξ, η) =
α
βcos2θ
cos(
√
β2 − γ2u+ F (ξ)− F (η)− θ)sin(√β2 − γ2u+ F (ξ)− F (η))
(4− 1.16b)
where the defination of θ is
sinθ = γ
β
cosθ =
√
β2−γ2
β
By letting β → γ, we can see that (4-1.16a) is the degenerate form of 4-1.16b.
Furthermore, if we let ξ = η in (4-1.16b) which means one of the seven-vertex-
type solutions of YBE without coloured parameters, we can immediately find it is
the same as the first type solution which was obtained in [25].
4-2. Free-fermion-type solutions
Now, let’s consider the second case of k = 0 i.e. equation (4.5) and (4.6). From
(4.6) we can affirm
m1(η) +m4(η) = 0 (4− 2.1)
by differentiating it and then setting u = 0, η = ξ.
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Substituting (4.6) into (4.5) we get
u1u4 + u5u6 = 1 (4− 2.2a)
α(u21 + u
2
6 − u24 − u25) = 2(m1(η)−m4(η))u7 (4− 2.2b)
α(u1u6 + u4u5) = (m6(η) +m5(η))u7 (4− 2.2c)
Using the symmetric operation, there are
u1u4 + u5u6 = 1 (4− 2.3a)
α(u21 + u
2
5 − u24 − u26) = 2(m1(ξ)−m4(ξ))u7 (4− 2.3b)
m7α(u1u5 + u4u6) = (m6(ξ) +m5(ξ))u7 (4− 2.3c)
If we set η = ξ in (4-2.2b) and (4-2.3b), we can get
a6(u, ξ, ξ)
2 = a5(u, ξ, ξ)
2 (4− 2.4a)
i.e.
m5(η)
2 = m6(η)
2 (4− 2.4b)
From (4-2.2) and the last equation in (2.10a) as well as its counterpart, we can write
down
(u
′
7)
2 = α2 − ((m5(η) +m6(η))2 − 4m1(η)2)u27 (4− 2.5a)
Using the symmetric operation
(u
′
7)
2 = α2 − ((m5(ξ) +m6(ξ))2 − 4m1(ξ)2)u27 (4− 2.5b)
So, we can obtain
δ2 = (m5(ξ) +m6(ξ))
2 − 4m1(ξ)2 (4− 2.6)
where δ is a complex constant in dependent of coloured parameters. In the following,
we will respectly discuss the two cases m5(ξ) = m6(ξ) and m5(ξ) = −m6(ξ)
Subcase 4-2-1. m5(ξ) = −m6(ξ) case From (4-2.2) and (4-2.3) we have
u1 = u4 u5 = −u6
u21 − u25 = 1
(4− 2− 1.1)
Together with (4-2.1), there will be
m1(ξ) = m4(ξ) = 0 (4− 2− 1.2)
So, from (2.10a)
u
′
7 = α
(u
′
5)
2 = (m5(η))
2(1 + u25)
(u
′
1)
2 = (m5(η))
2(u21 − 1)
(4− 2− 1.3)
21
will be hold. Using the symmetric operation, we also can affirm
m5(η) = β (4− 2− 1.4)
So, (4-2-1.3) can be rewritten as
u
′
7 = α
(u
′
5)
2 = β2(1 + u25)
(u
′
1)
2 = β2(u21 − 1)
(4− 2− 1.5a)
Thanks to the remark 2. if we work the same process to equaton (2.10c), we can
obtain
∂u7
∂η
= (mˇ7(η))
2
(∂u1
∂η
)2 = (mˇ5(η))
2(u21 − 1)
(∂u5
∂η
)2 = (mˇ5(η))
2(u25 + 1)
(4− 2− 1.5b)
Now, from (4-1-1.5) and the initial conditions (2.8) the solution of (2.1) in this case
is
a1(u, ξ, η) = a4(u, ξ, η) = cosh(βu+ F (ξ)− F (η))
a2(u, ξ, η) = a3(u, ξ, η) = 1
a5(u, ξ, η) = −a6(u, ξ, η) = sinh(βu+ F (ξ)− F (η))
a7(u, ξ, η) = αu+ F (ξ)− F (η)
(4− 2− 1.6)
Setting η = ξ, we can get a solution for the pure YBE which has been lost in
[25].
Subcase 4-2-2. m5(ξ) = m6(ξ) case
Now, equation (4-2.5) and (4-2.6) chang to be
(u
′
7)
2 = α2 − δ2u27 (4− 2− 2.1)
and
δ2 = 4m5(ξ)
2 − 4m1(ξ)2 (4− 2− 2.2)
And from (4-2.2c) we can know in this case
α 6= 0 (4− 2− 2.3)
otherwise, there will bem5(ξ) = 0 which has discrepancy with proposition 4.1. If we
try to solve equation (4-2-2.1), we can find there have two branches which is related
to δ = 0 and δ 6= 0.
(A). δ = 0 subcase
We can see that δ = 0 means m1(ξ)
2 = m5(ξ)
2. Thanks to the solution trans-
formation C and equation (4-2.1), we can set
m1(ξ) = m5(ξ) = m6(ξ) = −m4(ξ) (4− 2− 2a.1)
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At this time, (4-2-2.1) changes to be
u
′
7 = α (4− 2− 2a.2)
thanks to the solution transformation C. Now, let’s consider (4-2.2b) and (4-2.2c).
Using (4-2-2a.1) we can get
u21 + u
2
6 − u24 − u25 − 2u1u6 − 2u4u5 = 0
Considering (4-2.3b) and (4-2.3c), using (4-2-2a.1) we can also get
u21 + u
2
5 − u24 − u26 − 2u1u5 − 2u4u6 = 0
From these two equations, it is easy to obtain
2(u1 + u4)(u1 − u4 − u5 − u6) = 0
which means
u1 = u4 + u5 + u6 (4− 2− 2a.3)
Then, Together with (4-2.2a) we immediatly get
mˇ1(η) + mˇ4(η) = 0
2mˇ1(η) = mˇ5(η) + mˇ6(η)
(4− 2− 2a.4)
Substituting it into the fifth equation of (2.10c) and its counterpart, we get
2mˇ1u7(u1 − u6) = u1∂u7
∂η
− u4mˇ7 = u1mˇ7 − u4 ∂u7
∂η
Using the initial conditions (2.8) there is
∂u7
∂η
= mˇ7(η) (4− 2− 2a.5)
So, combining (4-2-2a.2), (4-2-2a,5) and the initial conditions(2.8), we can write
down
u7 = αu+ F (ξ)− F (η) (4− 2− 2a.6)
Substituting all the results into the sixth equation of (2.10a) as well as its counter-
part, (4-2.2a) and (4-2-2c), we have
(u21 − u25)α− 2m1(η)u7 − α = 0 (4− 2− 2a.7a)
(u24 − u26)α + 2m1(η)u7 − α = 0 (4− 2− 2a.7b)
u1u4 + u5u6 = 1 (4− 2− 2a.7c)
(u1u6 + u4u5)α = 2m1(η)u7 (4− 2− 2a.7d)
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Using the symmetric operation, we aslo have
(u21 − u26)α− 2m1(ξ)u7 − α = 0 (4− 2− 2a.8a)
(u24 − u25)α+ 2m1(ξ)u7 − α = 0 (4− 2− 2a.8b)
u1u4 + u5u6 = 1 (4− 2− 2a.8c)
(u1u5 + u4u6)α = 2m1(ξ)u7 (4− 2− 2a.8d)
From (4-2-2a.7) we have
u4(α+ 2m1(η)u7) = αu1 − 2m1(η)u5u7 (4− 2− 2a.9a)
u5(2m1(η)u7 − α) = αu6 − 2m1(η)u4u7 (4− 2− 2a.9b)
From (4-2-2a.8) we also get
u1(α− 2m1(ξ)u7) = αu4 − 2m1(ξ)u5u7 (4− 2− 2a.9c)
u6(2m1(ξ)u7 − α) = αu5 − 2m1(ξ)u4u7 (4− 2− 2a.9b)
Solving the system of equation (4-2-2a.9), we get
u4
u1
=
α(m1(ξ) +m1(η))− 2m1(ξ)m1(η)u7
α(m1(ξ) +m1(η)) + 2m1(ξ)m1(η)u7
(4− 2− 2a.10a)
u6
u5
=
−α(m1(ξ)−m1(η)) + 2m1(ξ)m1(η)u7
α(m1(ξ)−m1(η)) + 2m1(ξ)m1(η)u7 (4− 2− 2a.10b)
We denote here
H1 = α(m1(ξ) +m1(η)) + 2m1(ξ)m1(η)u7
H4 = α(m1(ξ) +m1(η)) − 2m1(ξ)m1(η)u7
H5 = α(m1(ξ)−m1(η)) + 2m1(ξ)m1(η)u7
H6 = −α(m1(ξ)−m1(η)) + 2m1(ξ)m1(η)u7
Then we can assum
u1 = H1X u4 = H4X
u5 = H5Y u6 = H6Y
(4− 2− 2a.11)
On the other hand, from (4-2-2a.7a) and (4-2-2a.8b), we have
α(u21 − u24) = 2u7(m1(ξ) +m1(η))
Similarly, from (4-2-2a.7b) and (4-2-2a.8b), we also have
α(u25 − u26) = 2u7(m1(ξ)−m1(η))
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From them, we can get
X = Y =
1
2α
√
m1(ξ)m1(η)
So, we have obtained the solution of this case:
a1(u, ξ, η) =
1
2αG(ξ)G(η) (α(G(ξ)
2 +G(η)2) + 2G(ξ)2G(η)2(αu+ F (ξ)− F (η)))
a2(u, ξ, η) = a3(u, ξ, η) = 1
a4(u, ξ, η) =
1
2αG(ξ)G(η) (α(G(ξ)
2 +G(η)2)− 2G(ξ)2G(η)2(αu+ F (ξ)− F (η)))
a5(u, ξ, η) =
1
2αG(ξ)G(η) (α(G(ξ)
2 −G(η)2) + 2G(ξ)2G(η)2(αu+ F (ξ)− F (η)))
a6(u, ξ, η) =
1
2αG(ξ)G(η) (−α(G(ξ)2 −G(η)2) + 2G(ξ)2G(η)2(αu+ F (ξ)− F (η)))
a7(u, ξ, η) = αu+ F (ξ)− F (η)
(4− 2− 2a.12)
(B). δ 6= 0 subcase
Now, (4-2-2.1) changes to be
(u
′
7)
2 = α2 − δ2u27 (4− 2− 2b.1)
Thanks to remark 2. we also have
(
∂u7
∂η
)2 = mˇ7(η)
2 − ((mˇ5(η) + mˇ6(η))2 − 4mˇ1(η)2)u27 (4− 2− 2b.2)
On the other hand, still because of remark 2, we have
(mˇ5(η)+mˇ6(η))
2−4mˇ1(η)2 = mˇ7(η)
2
u27
((u1u6+u4u5)
2−1
4
(u21+u
2
6−u24−u25)) =
δ2
α2
mˇ7(η)
2
So, (4-2-2b.2) can be written as
(
∂u7
∂η
)2 = mˇ7(η)
2 − δ
2
α2
mˇ7(η)
2u27 (4− 2− 2b.3)
Together with (4-2-2b.2) and the initial conditions (2.8), we have
a7(u, ξ, η) =
α
δ
sin(δu+ F (ξ)− F (η)) (4− 2− 2b.4)
where F (ξ) is an arbitary function of coloured parameter.
Substituting all the results into the sixth equation of (2.10a) as well as its coun-
terpart, (4-2.2a) and (4-2-2c), we have
δcos(δu+F (ξ)−F (η))+2m1(η)sin(δu+F (ξ)−F (η))−δ(u21−u25) = 0 (4− 2− 2b.5a)
δcos(δu+F (ξ)−F (η))−2m1(η)sin(δu+F (ξ)−F (η))−δ(u24−u26) = 0 (4− 2− 2b.5b)
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u1u4 + u5u6 = 1 (4− 2− 2b.5c)
δ(u1u6 + u4u5)− 2m5(η)sin(δu + F (ξ)− F (η)) = 0 (4− 2− 2b.5d)
Using the symmetric operation, we can also have
δcos(δu+F (ξ)−F (η))+2m1(ξ)sin(δu+F (ξ)−F (η))−δ(u21−u26) = 0 (4− 2− 2b.6a)
δcos(δu+F (ξ)−F (η))−2m1(ξ)sin(δu+F (ξ)−F (η))−δ(u24−u25) = 0 (4− 2− 2b.6b)
u1u4 + u5u6 = 1 (4− 2− 2b.6c)
delta(u1u5 + u4u6)− 2m5(ξ)sin(δu+ F (ξ)− F (η)) = 0 (4− 2− 2b.6d)
As for the case of δ = 0, when we do the same procedures, and at last we can get
u4
u1
=
δm5(ξ) + δm5(η)cos(δu + F (ξ)− F (η)) − 2m1(ξ)m5(η)sin(δu + F (ξ)− F (η))
δm5(η) + δm5(ξ)cos(δu + F (ξ)− F (η)) + 2m5(ξ)m1(η)sin(δu + F (ξ)− F (η))
u6
u5
=
−δm5(η) + δm5(ξ)cos(δu + F (ξ)− F (η)) − 2m5(ξ)m1(η)sin(δu + F (ξ)− F (η))
−δm5(ξ) + δm5(η)cos(δu + F (ξ)− F (η)) − 2m1(ξ)m5(η)sin(δu + F (ξ)− F (η))
(4− 2− 2b.7)
Similarly we set here
H1 = δm5(η) + δm5(ξ)cos(δu + F (ξ)− F (η)) + 2m5(ξ)m1(η)sin(δu + F (ξ)− F (η))
H4 = δm5(ξ) + δm5(η)cos(δu + F (ξ)− F (η)) − 2m1(ξ)m5(η)sin(δu + F (ξ)− F (η))
H5 = −δm5(ξ) + δm5(η)cos(δu + F (ξ)− F (η))− 2m1(ξ)m5(η)sin(δu + F (ξ)− F (η))
H6 = −δm5(η) + δm5(ξ)cos(δu + F (ξ)− F (η))− 2m5(ξ)m1(η)sin(δu + F (ξ)− F (η))
(4− 2− 2b.8)
We also assum
u1 = H1X u4 = H4X
u5 = H5Y u6 = H6Y
(4− 2− 2b.9)
Then from (4-2-2b.5) and (4-2-2b.6) we have
X =
√
2(m1(ξ) +m1(η))sin(δu + F (ξ)− F (η))
δ(H21 −H24 )
Y =
√
2(m1(ξ)−m1(η))sin(δu + F (ξ)− F (η))
δ(H25 −H26 )
(4− 2− 2b.10)
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So, we at last write down the solution of this case:
a1(u, ξ, η) = X(δG(η) + δG(ξ)cos(δu + F (ξ)− F (η)) + 2G(ξ)H(η)sin(δu + F (ξ)− F (η)))
a2(u, ξ, η) = a3(u, ξ, η) = 1
a4(u, ξ, η) = X(δG(ξ) + δG(η)cos(δu + F (ξ)− F (η))− 2G(η)H(η)sin(δu + F (ξ)− F (η)))
a5(u, ξ, η) = Y (−δG(ξ) + δG(η)cos(δu + F (ξ)− F (η)) − 2G(η)H(ξ)sin(δu + F (ξ)− F (η)))
a6(u, ξ, η) = Y (−δG(η) + δG(ξ)cos(δu + F (ξ)− F (η)) − 2G(ξ)H(η)sin(δu + F (ξ)− F (η)))
a7(u, ξ, η) =
α
δ
sin(δu+ F (ξ)− F (η))
(4− 2− 2b.11)
where F (ξ), G(ξ) and H(ξ) are arbitary functions of coloured parameters and X,Y
are definded by equation (4-2-2b.10). By letting δ → 0 we can see here that the
solution above degenerate to (4-2-2a.12).
If we let ξ = η in the upper equations, from (4-2-2b.7) we can see that
u5 = u6
There is also a shortly expression for X from (4-2-2b.10)
X =
1
2δm5cos(δu/2)
and we can easily get the corresponding solution of the YBE without coloured pa-
rameters
a1(u) =
δcos( δu2 ) + 2m1sin(
δu
2 )
δ
a4(u) =
δcos( δu2 )− 2m1sin( δu2 )
δ
a5(u) = a6(u) =
2m5sin(
δu
2 )
δ
a7(u) =
α
δ
sin(δu)
which is the same as the second solution of YBE without coloured parameters ob-
tained in [25].
5 General solutions
In this paper, we have given five basic solutions and two degerate solutions of equa-
tion (2.1) and also classify them into two types.These seven solutions i.e. (3-2-1.8),
(3-2-1.16), (4-1.16a), (4-1.16b), (4-2-1.6), (4-2-2a.12) and (4-2-2b.10) together with
the five solution transformations A-E will give all seven-vertex-type solutions of
27
coloured Yang-Baxter equation (2.1) and the general solutions can also be classified
into two types. The first are Baxter-type solutions which can be obtained from the
basic Bxter-type solution via some solution transformations. The second are free-
fermion-type which can be obtained via the basic free-fermion-type solutions via
some solution transformations. Furthermore, we have showed that three of the five
basic solutions can be degenerated into the solutions of non-coloured YBE obtained
in [25]. But the other two solutions can also be degenerated into pure spectral case
which has not correspondence in [25].
According to the standard model given by Baxter, for a given R matrix the
spin-chain Hamiltonian is generally of the following form:
H =
N∑
j=1
(Jxσ
x
j σ
x
j+1 + Jyσ
y
jσ
y
j+1 + Jzσ
z
jσ
z
j+1 +
1
2
(σzj + σj + 1
z))
where σx, σy and σz are Pauli matrices and the coupling constant are
Jx =
1
4(m5 +m6 +m7) Jy =
1
4(m5 +m6 −m7)
Jz =
1
4(m1 −m3 +m4 −m2) h = 14(m1 −m3 −m4 +m2)
From [22,23], we can know that in all the solutions of six-vertex and eight-vertex
cases the Hamiltonian coefficients obey
m21 = m
2
4 m
2
5 = m
2
6
and in this paper, we have proved that in the solutions (3-2-1.16), (4-1.16a), (4-
1.16b), (4-2-1.6), (4-2-2a.12) and (4-2-2b.10) the relations above are also sound
except in the solution (3-2-1.8). What makes this difference remains to be investi-
gated.
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